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ZIG-ZAG CHAINS AND METRIC EQUIVALENCES BETWEEN
ULTRAMETRIC SPACES
ÁLVARO MARTÍNEZ-PÉREZ
Abstrat. We study the lassiation of ultrametri spaes based on their
small sale geometry (uniform homeomorphism), large sale geometry (oarse
equivalene) and both (all sale uniform equivalenes). We prove that these
equivalenes an be haraterized with parallel onstrutions using a ombi-
natori tool alled ommon zig-zag hain.
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1. Introdution
When one denes ontinuity for a funtion on a metri spae, one neglets a
great deal of the information ontained in the metri fousing on the small sale
struture. In fat, if d is a metri then so it is d′ = min{d, 1} and this hange won't
aet ontinuity nor the topology of the spae.
The dual situation appears with bornologous maps, where we pay attention only
to the large sale geometry. If we onsider the metri d′ = max{d, 1} all the
topology of the spae is lost, but we still keep all its large sale properties. For a
further development of this, see [9℄.
Thus, uniform ategory and oarse ategory are partial and somehow dual as-
pets of the whole piture. To depit both sales we use all sale uniform maps,
whih are both, uniformly ontinuous and bornologous.
In this paper, we onsider three ategories of ultrametri spaes.
• C1: Complete ultrametri spaes and all sale uniform maps.
• C2: Ultrametri spaes and surjetive bornologous multi-maps.
• C3: Complete ultrametri spaes and uniformly ontinuous maps.
Partially supported by MTM 2006-00825.
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The idea is to haraterize equivalenes in these three ategories using the same
ombinatorial tehnique and the same arguments, presenting ategories C2 and C3
as partial representations of the geometry in C1.
Let us reall here the denition and basi properties of ultrametri spaes.
Denition 1.1. If (X, d) is a metri spae and d(x, y) ≤ max{d(x, z), d(z, y)} for
all x, y, z ∈ X, then d is an ultrametri and (X, d) is an ultrametri spae.
Lemma 1.2. (a) Any point of a ball is a enter of the ball.
(b) If two balls have a ommon point, one is ontained in the other.
() The diameter of a ball is less than or equal to its radius.
(d) In an ultrametri spae, all triangles are isoseles with at most one short
side.
(e) Sr(a) = ∪
x∈Sr(a)
B<r(x).
(f) The spheres Sr(a) (r > 0) are both open and losed. 
There is a well known orrespondene between ultrametri spaes and trees. In
an ultrametri spae, for any pair of interseting balls one will ontain the other
and hene, onsidering partitions of the spae with shrinking diameter we obtain a
branhing proess whih an be modelized by a tree.
In the bounded ase, B. Hughes stablishes some ategorial equivalenes in [4℄,
whih apture the geometry of trees at innity and loal geometry of ultrametri
spaes.
From a more topologial point of view, in [7℄, it is proved that there is ategorial
equivalene between omplete ultrametri spaes of diameter ≤ 1 with uniformly
ontinuous maps and rooted geodesially omplete Rtrees with lasses of rooted,
ontinuous and metrially proper maps. Hene, uniform homeomorphisms between
bounded ultrametri spaes, an be haraterized by some kind of metrially proper
homotopy equivalene between the trees. The tehnique to do this uses a funtion
alled modulus of ontinuity whih is assoiated to any uniformly ontinuous map.
This idea is used here in a generalized way dening what will be alled expansion
funtion.
In [1℄ Taras Banakh and Ihor Zarihnyy haraterize oarse equivalenes of ho-
mogeneous ultrametri spaes by some intrinsi invariant of the spaes alled sharp
entropy. They do this using indution on partially ordered sets alled towers. In
a slightly dierent approah, these objets are treated here as hains instead of as
ordered sets.
Trees are also related to hains and inverse sequenes. In [8℄ it is proved an
equivalene of ategories between inverse sequenes and rooted geodesially om-
plete Rtrees oriented to a geometri desription of the shape ategory in Marde²i¢-
Segal approah (see [6℄). In this paper, we dened a funtor from maps between
trees to morphisms of inverse sequenes related to the onstrution used here.
A direted hain (Xk,Φk) is a olletion of sets Xk k ∈ Z and maps Φk : Xk →
Xk+1 k ∈ Z. The diret limit, lim
→
Xk, is the disjoint union of the Xk's modulo some
equivalene relation ∼: for any pair of points xi ∈ Xi, xj ∈ Xj ,
xi ∼ xj if there is some k > i, j suh that fk−1 ◦ · · · ◦ fi(xi) = fk−1 ◦ · · · ◦ fj(xj).
Denition 1.3. A Dhain (Xk,Φk) is a olletion of sets Xk k ∈ Z and surjetive
maps Φk : Xk → Xk+1, k ∈ Z, suh that lim
→
Xk is trivial.
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Hene, using all k ∈ Z we haraterize the all sale uniform type of U , and if we
want to fous only on the large sale or the small sale struture, we only need to
restrit ourselves, roughly speaking, to one side of the hain.
Denition 1.4. A D+hain (Xn,Φn) is a sequene of sets Xn and surjetive
maps Φn : Xn → Xn+1 suh that lim
→
Xn is trivial.
Denition 1.5. A D−hain (Xn, pn) is a sequene of sets Xn and surjetive maps
Φn : Xn+1 → Xn.
Denition 1.6. Given a Dhain (Xk,Φk) and an inreasing funtion α : Z→ Z,
the Dhain dened by the sets Xα(k) and the maps φ˜k = φα(k+1)−1 ◦ · · · ◦ Φα(k)
will be alled an αsub-D-hain.
Denition 1.7. Given a D+hain (Xn,Φn) and an inreasing funtion α : N →
N, the D+hain dened by the sets Xα(n) and the maps φ˜n = φα(n+1)−1◦· · ·◦Φα(n)
will be alled an αsub-D+-hain.
Denition 1.8. Given a D−hain (Xn,Φn) and an inreasing funtion α : N →
N, the D−hain dened by the sets Xα(n) and the maps φ˜n = φα(n+1)−1◦· · ·◦Φα(n)
will be alled an αsub-D−-hain.
Remark 1.9. When there is no need to speify the map α and it is lear from the
ontext whether we are onsidering Dhains, D+hains or D−hains, we will
all these just subhains.
The following denitions are adapted from [5℄.
Denition 1.10. A Dhain (Zk,Vk) is a ommon zig-zag Dhain of the D
hains (Xn,Φn), (Yn,Ψn) if there are inreasing maps α, β : Z → Z and subhains
(Xα(k), Φ˜k), (Yβ(k), Ψ˜k) with
Zi =
{
Xα( i+12 )
if i is odd,
Yβ( i2 )
if i is even.
suh that the following diagram ommutes
−→ Xα(k−1)
V2k−3 %%K
KK
KK
KK
KK
−→ Xα(k)
V2k−1 ##G
GG
GG
GG
G
−→ Xα(k+1)
V2k+1 %%K
KK
KK
KK
KK
−→
· · · −→ Yβ(k−1)
V2k−2
::uuuuuuuuu
−→ Yβ(k)
V2k
::uuuuuuuuu
−→ Yβ(k+1)
Denition 1.11. A D+hain (Zn,Vn) is a ommon zig-zag D+hain of the
D+hains (Xn,Φn), (Yn,Ψn) if there are inreasing maps α, β : Z+ → Z+ and
subhains (Xα(n), Φ˜n), (Yβ(n), Ψ˜n) with
Zi =
{
Xα( i+12 )
if i is odd,
Yβ( i2 )
if i is even.
suh that the following diagram ommutes
Xα(1)
V1 ##G
GG
GG
GG
G
−→ Xα(2)
V3 ##G
GG
GG
GG
G
−→ Xα(3)
V5 ##G
GG
GG
GG
G
−→ · · ·
Yβ(1)
V2
;;wwwwwwww
−→ Yβ(2)
V4
;;wwwwwwww
−→ Yβ(3) −→
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Denition 1.12. A D−hain (Zn,Vn) is a ommon zig-zagD−hain of the D−
hains (Xn,Φn), (Yn,Ψn) if there are inreasing maps α, β : N → N and subhains
(Xα(n), Φ˜n), (Yβ(n), Ψ˜n) with
Zi =
{
Xα( i+12 )
if i is odd,
Yβ( i2 )
if i is even.
suh that the following diagram ommutes
Xα(1) ←− Xα(2)
V2
{{ww
ww
ww
ww
←− Xα(3)
V4
{{ww
ww
ww
ww
←− · · ·
Yβ(1)
V1
ccGGGGGGGG
←− Yβ(2)
V3
ccGGGGGGGG
←− Yβ(3)
V5
ccGGGGGGGG
←−
The main result would be that two hains represent the same lass of ultrametri
spae in the ategory C1, C2, C3 respetively if and only if there is a ommon zig-zag
hain (Dhain, D+hain or D−hain) of them.
Notation 1.13. We will denote by (Xk,Φk) ∼z−z (Yk,Ψk) if there is a ommon
zig-zag hain of the hains (Xk,Φk), (Yk,Ψk).
This is related to some results in [1℄. In their work, they onsider towers as
ordered sets, whih is just an alternative denition for what here is alled D+
hain. Also, we dene here the end spae of a hain and an ultrametri on it whih
is not exatly the same as they do.
Lemma 2 in [1℄ states:
Proposition 1.14. Let φ : T1 → T2 be an admissible morphism between towers
T1, T2. Then, the restrition Φ = φ|[T1] : [T1]→ [T2] is an asymorphism. 
Here we proof that there exists an admissible map if and only if there is a ommon
zig-zag D+hain for the D+hains orresponding to the towers T1, T2 and that
this implies a partial onverse to 1.14.
2. Expansion funtions
Let us reall rst some denitions in oarse geometry.
A map between metri spaes f : X → Y is metrially proper if for any bounded
set A ∈ Y , f−1(A) is bounded in X .
A map between metri spaes f : X → Y is bornologous if for every R > 0 there is
S > 0 suh that for any two points x, x′ ∈ X with d(x, x′) < R, d(f(x), f(x′)) < S.
A map is oarse if it is metrially proper and bornologous.
Two maps between metri spaes f, g : X → Y are lose if supx∈X{d(f(x), g(x)) <
∞
A oarse map f : X → Y is a oarse equivalene if there is a oarse map g : Y →
X suh that g ◦ f is lose to idX and f ◦ g is lose to idY . If there are suh maps,
then X,Y are oarse equivalent.
But this in not the only way to dene oarse equivalene between metri spaes.
In this setion, in order to desribe in the same terms the ategories C1, C2 and C3,
we will use the following denition with multi-maps, as in [1℄.
By a multi-map Φ : X ⇒ Y between two sets X,Y we understand any subset
Φ ⊂ X × Y . For any subset A ⊂ X , by Φ(A) = {y ∈ Y : ∃a ∈ A with (a, y) ∈ Φ}
we denote the image of A under the multi-map Φ. The inverse Φ−1 : Y → X to
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the multi-map Φ is the subset Φ−1 = {(y, x) ∈ Y ×X : (x, y) ∈ Φ} ⊂ Y ×X . For
two multi-maps Φ : X ⇒ Y , Ψ : Y ⇒ Z the omposition Ψ ◦ Φ is dened as usual:
Ψ ◦ Φ = {(x, z) ∈ X × Z : ∃ y ∈ Y suh that (x, y) ∈ Φ and (y, z) ∈ Ψ}.
A multi-map is alled surjetive if Φ(X) = Y and bijetive if Φ ⊂ X×Y oinides
with the graph of a bijetive (single-valued) funtion.
Denition 2.1. Given a multi-map Φ ⇒ X → Y between metri spaes, a non-
dereasing funtion ̺Φ : J → [0,∞) with J = [0, S] or J = [0,∞) is alled expansion
funtion if ∀A ∈ X with diam(A) ∈ J , diam(Φ(A)) ≤ ̺Φ(diam(A)).
Denition 2.2. A multi-map Φ : X ⇒ Y between metri spaes is alled
• bornologous if there is an expansion funtion ̺Φ : [0,∞)→ [0,∞).
• an asymorphism if both Φ,Φ−1 are surjetive bornologous multi-maps.
The following haraterization is ontained in Proposition 2 in [1℄.
Proposition 2.3. For metri spaes X,Y the following assertions are equivalent:
• X and Y are asymorphi.
• X and Y are oarse equivalent. 
Remark 2.4. Thus, equivalenes in C2 are, in fat, oarse equivalenes of ultra-
metri spaes.
Denition 2.5. Φ is alled all sale uniform if there is an expansion funtion
̺Φ : [0,∞) → [0,∞) suh that ̺Φ(t) = 0 and limt→0 ̺Φ(t) = 0. In this ase, sine
̺Φ(t) = 0, Φ is a single-valued map. If Φ
−1
is also all sale uniform we say that
X,Y are all sale uniform equivalent.
Denition 2.6. A map f : X → Y between metri spaes is uniformly ontinuous if
∀ ǫ > 0 there exists some δ > 0 suh that for any pair of points x, y with dX(x, y) < δ
then dY (f(x), f(y)) < ǫ.
Proposition 2.7. A map Φ: X → Y between metri spaes is uniformly ontin-
uous if and only if there is an expansion funtion ̺Φ : [0, S] → [0,
1
2 ] suh that
̺Φ(0) = 0 and limt→0 ̺Φ(t) = 0.
Proof. The if part is obvious.
If Φ is unifomly ontinuous here is some S > 0 suh that for any pair of points
x, y suh that dX(x, x
′) < S then dY (f(x), f(x
′)) < 12 . Thus, it sues to take
̺Φ(t) := supx,x′∈X,, d(x,x′)≤t{d(Φ(x),Φ(x
′))}. 
3. All sale uniform equivalenes
Given an all sale uniform map Φ and an expansion funtion ̺Φ : [0,∞)→ [0,∞)
suh that ̺Φ(t) = 0 and limt→0 ̺Φ(t) = 0, let us dene γ̺Φ : Z→ Z as follows,
(1) γ̺Φ(k) := [log2(̺Φ(2
k))] + 1
where [t] stands for the maximal integer less or equal than t. Hene, for all
points x, x′ ∈ X , if dX(x, x
′) ≤ 2k then dY (f(x), f(x
′)) ≤ 2γ̺Φ(k) and γ̺Φ is
non-dereasing. Then limk→−∞ γ̺Φ(k) = −∞ sine Φ is uniformly ontinuous and
we may assume, with no loss of generality, that limt→∞ ̺Φ(t) = ∞ and therefore
limn→∞ γ̺Φ(n) =∞.
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Remark 3.1. If Φ is an all sale uniform equivalene between unbounded metri
spaes then neessarily limt→∞ ̺Φ(t) = ∞ sine Φ
−1
is a bornologous surjetive
map.
There is a orrespondene between omplete ultrametri spaes and Dhains.
Let U be an ultrametri spae. For eah k ∈ Z let Xk be the partition of U in balls
of radius 2k. Let Φk : Xk → Xk+1 the map anonially indued by the inlusion for
any k ∈ Z. (Xk,Φk) will be alled the extended hain assoiated to U . Conversely,
given a Dhain we an obtain an ultrametri spae as follows.
Let us dene the end spae as follows:
end(Xk,Φk) := {(xk)k∈Z | xk ∈ Xk and Φ(xk) = xk+1},
and let us dene the metri
D((xk), (yk)) = 2
k0
where k0 = min{k : xk = yk}.
D is well dened sine lim
→
(Xk,Φk) is trivial, and learly, D is an ultrametri.
Proposition 3.2. If (U, d) is a omplete ultrametri spae and (Xk,Φk) is the D
hain assoiated to U , then (U, d) and (end(Xk,Φk), D) are bi-Lipshitz equivalent.
In partiular, they are all sale uniform equivalent.
Proof. First, note that if (U, d) is omplete there is a bijetion i : U → end(Xk,Φk).
By the properties of the ultrametri, d(x, y) ≤ 2k if and only if the points are in
the same ball in the partition Xk. Hene, d(x, y) ≤ D(i(x), i(y)) ≤ 2d(x, y). 
Denition 3.3. A morphism of Dhains (fk, σ) : (Xk,Φk)→ (Yk,Ψk) onsists of
a non-dereasing funtion σ : Z→ Z suh that limk→−∞ = −∞ and limk→∞ =∞,
and maps fk : Xk → Yσ(k) suh that the following diagram ommutes:
Xk−1
fk−1 %%L
LL
LL
LL
LL
L
−→ Xk
fk %%L
LL
LL
LL
LL
L
−→ Xk+1
fk+1 %%L
LL
LL
LL
LL
L
−→
−→ Yσ(k−1) −→ · · · −→ Yσ(k) −→ · · · −→ Yσ(k+1)
Remark 3.4. Notie that although in this denition σ(k) and σ(k+1) may be the
same for some k, using that limk→−∞ = −∞ and limk→∞ = ∞ then for some
funtion α, we may assume that σ is inreasing when restrited to the α-subhain.
Lemma 3.5. If (Xk,Φk) is a Dhain, α : Z → Z is an inreasing map and
(Xα(k), Φ˜k) is the α-subhain, then end(Xk,Φk) is all sale uniform equivalent to
end(Xα(k), Φ˜k).
Proof. Consider the anonial map i : end(Xk,Φk)→ end(Xα(k), Φ˜k).
Let us dene the funtion Λ: Z → Z suh that Λ(z) = min{k : α(k) ≥ z}.
Sine α is inreasing, it follows that Λ is non-dereasing, limz→−∞ Λ(z) = −∞
and limz→∞ Λ(z) = ∞. Now, onsider the funtion Γ: [0,∞) → [0,∞) suh that
Γ(0) = 0 and for any x ∈ (2k−1, 2k], Γ(x) = 2Λ(k). Clearly Γ is non-dereasing,
limx→0 Γ(x) = 0 and limx→∞ Γ(x) = ∞. For any two end points (xk), (yk) ∈
end(Xk,Φk) withD((xk), (yk)) = 2
k0
the distane between their orrespondent sub-
sequenes i(xk) = (xα(k)), i(yk) = (yα(k)) is exatly D
′((xα(k)), (yα(k))) = Γ(2
k0) =
2Λ(k0). Then Γ is an extension funtion for i : end(Xk,Φk)→ end((Xα(k), Φ˜k)) and
i is an all sale uniform map. A similar argument works for i−1. 
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Proposition 3.6. Consider two omplete ultrametri spaes U1, U2 and let (Xk,Φk),
(Yk,Ψk) be their assoiated Dhains. Then, there is an all sale uniform map
f : U1 → U2 if and only if there is a morphism of Dhains (fk, σ) : (Xk,Φk) →
(Yk,Ψk).
Proof. If there is an all sale uniform map Φ : U1 → U2, onsider the map γ̺Φ : Z→
Z from (1). Let us onsider σ = γ̺Φ . Then, Φ indues maps fk : Xk → Yσ(k) anon-
ially as follows: by onstrution, any point xk ∈ Xk represents a ball B(xk) of
radius 2k of U1, and by the properties of the ultrametri, this ball has diame-
ter less or equal than 2k. By the denition of γ̺Φ , if diam(B(xk)) ≤ 2
k
then
diam(Φ(B(xk))) ≤ 2
γ̺Φ (k) = 2σ(k) and, sine Yσ(k) is the partition of U2 in balls of
radius 2σ(k), there is a unique point yσ(k) ∈ Yσ(k) suh that Φ(B(xk)) ⊂ B(yσ(k)).
Then, the map fk suh that fk(xk) := yσ(k) is well dened and it is surjetive
beause Φ is surjetive. It is immediate to hek that the diagram ommutes.
The morphism (fk, σ) indues a map Φ: end(Xk,Φk) → end(Yk,Ψk) where
Φ((xk)) is the unique sequene (yk) ∈ end(Yk,Ψk) suh that yσ(k) = fk(xk). Now,
for any t ∈ (2k−1, 2k], k ∈ Z, let ̺Φ(t) = 2
σ(k)
and ̺Φ(0) = 0. It is readily seen
that ̺Φ is an extension funtion and Φ is an all sale uniform map. From Lemma
3.5 together with Proposition 3.2, it follows that there is an all sale unifom map
f : U1 → U2. 
Lemma 3.7. If Φ: X → Y is an all sale uniform equivalene then there are
inreasing maps α(Φ), β(Φ−1) : Z → Z suh that γ̺Φ(α(i)) ≤ β(i), γ̺Φ−1 (β(i)) ≤
α(i+ 1) for every i ∈ Z.
Proof. First, let α(0) = 0 and β(0) = γΦ(0).
If we have dened α(i − 1), β(i − 1) for any i > 0 then, it sues make α(i) =
max{α(i− 1) + 1, γΦ−1(β(i − 1))} and β(i) = max{β(i − 1) + 1, γΦ(α(i))}.
Sine limk→−∞γΦ−1(k) = −∞ for any α(i + 1) there exist some kα(i+1) suh
that for any k ≤ kα(i+1), γΦ−1(k) ≤ α(i + 1).
Sine limk→−∞γΦ(k) = −∞ for any β(i) there exist some kβ(i) suh that for
any k ≤ kβ(i), γΦ(k) ≤ β(i).
If we have dened α(i + 1), β(i + 1) for any i < 0 then, it sues make β(i) =
min{β(i+ 1)− 1, kα(i+1)} and α(i) = min{α(i+ 1)− 1, kβ(i)}. 
Proposition 3.8. If (Xk,Φk), (Yk,Ψk) are two Dhains, then (Xk,Φk) ∼z−z
(Yk,Ψk) if and only if end(Xk,Φk) and end(Yk,Ψk) are all sale uniform equivalent.
Proof. If (Zk, φk) is a ommon zig-zagDhain, it sues to hek that end(XkΦk))
and end(Yk,Ψk) are all sale uniform equivalent to end(Zk, φk) and this follows
immediately from Lemma 3.5.
Now, suppose that there is an all sale unifom equivalene Φ: end(Xk,Φk) →
end(Yk,Ψk). By Lemma 3.7, there are inreasing maps α(Φ), β(Φ
−1) : Z→ Z suh
that γ̺Φ(α(i)) ≤ β(i), γ̺Φ−1 (β(i)) ≤ αi+1 for every i ∈ Z.
Therefore, Φ and Φ−1 anonially indue unique surjetive maps V2i−1 : Xα(i) →
Yβ(i) and V2i : Yβ(i) → Xα(i+1). Sine Φ is a bijetion, Vk+1 ◦ Vk oinides with the
map indued by inlusion and therefore, making Z2i−1 = Xα(i) and Z2i = Yβ(i),
(Zk,Vk) is a ommon zig-zag Dhain of (Xk,Φk), (Yk,Ψk). 
From this, and Proposition 3.2, it follows:
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Theorem 3.9. Two omplete ultrametri spaes are all sale uniform equivalent if
and only if there is a ommon zig-zag Dhain between their assoiated Dhains.

Let (Xk,Φk), (Yk,Ψk) be two Dhains and (Zk,Vk) a ommon zig-zag Dhain
with inreasing maps α, β : Z → Z suh that Z2k−1 = Xα(k) and Z2k = Yβ(k). Let
us dene
fZ : end(Xα(k), Φ˜k)→ end(Yβ(k), Ψ˜k)
suh that for any end point (xα(k)) ∈ end(Xα(k), Φ˜k), fZ((xα(k))) = (V2k−1(xα(k))) ∈
end(Yβ(k), Ψ˜k).
Let us reall that a funtion between metri spaes f : X → Y is alled bi-
Lipshitz if there is a onstant K > 0 suh that for any pair of points x, x′ ∈ X ,
1
K
· dX(x, x
′) ≤ dy(f(x), f(x
′)) ≤ K · dX(x, x
′). If there is suh a map, we say that
X,Y are bi-Lipshitz equivalent.
Proposition 3.10. Given two Dhains (Xk,Φk), (Yk,Ψk), then their end spaes
end(Xk,Φk) and end(Yk,Ψk) are all sale uniform equivalent if and only if there
are inreasing sequenes α, β : Z → Z suh that end(Xα(k), Φ˜k) and end(Yβ(k), Ψ˜k)
are bi-Lipshitz equivalent.
Proof. If end(Xα(k), Φ˜k) and end(Yβ(k), Ψ˜k) are bi-Lipshitz equivalent, then they
are, in partiular, all sale equivalent and so they are end(Xn,Φn) and end(Yn,Ψn)
by Lemma 3.5.
If end(Xk,Φk) and end(Yk,Ψk) are all sale equivalent then, by Proposition
3.8, there is a zig-zag ommon Dhain (Zk,Vk) dened by sequenes α, β. The
map fZ : end(Xα(k), Φ˜k) → end(Yβ(k), Ψ˜k) dened above holds that for any pair
of end points (xα(k)), (yα(k)) ∈ end(Xα(k), Φ˜k), DT (β)(fZ((xα(k))), fZ((yα(k)))) ≤
DT (α)(xα(k), yα(k)) ≤ 2 ·DT (β)(fZ((xα(k))), fZ((yα(k)))). 
Corollary 3.11. Two ultrametri spaes U1, U2 are asymorphi if and only if there
are inreasing sequenes α, β : N → N suh that, for (Xk,Φk), (Yk,Ψk) their asso-
iated Dhains, end(Xα(n), Φ˜n) and end(Yβ(n), Ψ˜n) are bi-Lipshitz equivalent. 
This an be translated into relations between ultrametri spaes avoiding D
hains. Proposition 2.2 in [2℄ states
Proposition 3.12. Let (X, d) be a metri spae. The metri d is an ultrametri if
and only if f(d) is a metri for evey nondereasing funtion f : R+ → R+. 
In partiular, the new metri is also an ultrametri. Given an ultrametri spae
(U, d) and a non-dereasing map f : R+ → R+, let us denote this new ultrametri
as df , where df (x, y) := f(d(x, y)).
Let (U, d) be an ultrametri spae and an inreasing map γ : Z → Z. Let us
dene fγ : R+ → N a non-dereasing funtion suh that for any t ∈ (2
γ(k−1), 2γ(k)]
f(t) = 2k for every k. Let us denote simply by (U, d(γ)) the ultrametri spae
(U, dfγ ) whih depends only on the original ultrametri and γ.
Thus, from Corolary 3.11 we obtain that,
Corollary 3.13. Two ultrametri spaes (U1, d1), (U2, d2) are asymorphi if and
only if there are inreasing maps γ1, γ2 : Z→ Z suh that (U1, d1(γ1)) and (U2, d2(γ2)
are bi-Lipshitz equivalent. 
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4. Coarse equivalenes
In this setion we treat the ategory C2. All we do, is to onsider only the
right side of the hain in the previous setion and adapt the onstrution in some
tehnial details.
Given a bornologous multimap Φ and its expansion funtion ̺Φ, let us dene
γ̺Φ : N→ N as follows,
(2) γ̺Φ(n) := [log2(̺Φ(2
n))] + 1.
Hene, for all points x, x′ ∈ X , if dX(x, x
′) ≤ 2n then dY (f(x), f(x
′)) ≤ 2γ̺Φ (n) and
γ̺Φ is non-dereasing. We may assume, with no loss of generality, that limt→∞ ̺Φ(t) =
∞ and therefore limn→∞ γ̺Φ(n) =∞.
Remark 4.1. If Φ is an asymorphism between unbounded metri spaes then ne-
essarily limt→∞ ̺Φ(t) =∞ sine Φ
−1
is a bornologous surjetive map.
There is a orrespondene between ultrametri spaes and D+hains. For eah
n ∈ N let Xn be the partition of U in losed balls of radius 2
n
. For eah xn ∈ Xn
let us denote by B(xn) the assoiated losed ball in U . Let Φn : Xn → Xn+1 the
map anonially indued by the inlusion for any n ∈ N. (Xn,Φn) will be alled
the D+hain assoiated to U . Conversely, given a D+hain we an obtain an
ultrametri spae as follows.
The end spae is:
end(Xn,Φn) := {(xn)n∈N | xn ∈ Xn and Φ(xn) = xn+1},
and the metri
D((xn), (yn)) = 2
n0
where n0 = min{n : xn = yn}.
D is well dened sine lim
→
(Xn,Φn) is trivial and (end(Xn,Φn), D) is an ultra-
metri spae.
Proposition 4.2. If U is an ultrametri spae and (Xn,Φn) is the D+hain
assoiated to U , then U and end(Xn,Φn) are asymorphi (i.e., oarse equivalent).
Proof. Consider the multi-map Φ: U ⇒ end(Xn,Φn) where Φ := {(x, (xn)n∈N)|x ∈
B(x1)}. Thus, if diam(A) ≤ 2 then there exists some x1 suh that A ⊂ B(x1) and
diam(Φ(A)) = 0. If 2n < diam(A) ≤ 2n+1, then for eah xn ∈ Xn, A 6⊂ B(xn)
and, by the properties of the ultrametri, there is a unique xn+1 ∈ Xn+1 suh that
A ⊂ B(xn+1) and therefore, diam(Φ(A)) = 2
n+1
for every n > 1. Hene, Φ is an
asymorphism. 
Denition 4.3. A morphism of D+-hains (fn, σ) : (Xn,Φn) → (Yn,Ψn) on-
sists of a non-dereasing funtion σ : N → N suh that limn→∞ = ∞, and maps
fn : Xn → Yσ(n) suh that the following diagram ommutes:
X1
f1 $$I
II
II
II
II
−→ X2
f2 %%L
LL
LL
LL
LL
L
−→ X3
f3 $$I
II
II
II
II
−→
Yσ(1) −→ · · · −→ Yσ(2) −→ · · · −→ Yσ(3)
Lemma 4.4. If (Xn,Φn) is a D+hain, α : N → N is an inreasing map and
(Xα(n), Φ˜n) is the α-subhain, then end(Xn,Φn) is asymorphi to end(Xα(n), Φ˜n).
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Proof. There is a anonial map i : end(Xn,Φn) → end(Xα(n), Φ˜n) with i((xn)) =
(xα(n)).
Let us dene the funtion Λ: N → N suh that Λ(n) = min{k : α(k) ≥ n}.
Sine α is inreasing, it follows that Λ is non-dereasing and limn→∞ Λ(n) = ∞.
Now, onsider the funtion Γ: [0,∞) → [0,∞) suh that Γ(x) = 2λ(1) for x ≤ 1
and for any x ∈ (2n−1, 2n], Γ(x) = 2Λ(n), n ∈ N. Clearly Γ is non-dereasing
and limx→∞ Γ(x) = ∞. For any pair of end points (xn), (yn) ∈ end(Xn,Φn)
with D((xn), (yn)) = 2
n0
the distane between their orrespondent subsequenes
i(xn) = (xα(n)), i(yn) = (yα(n)) is exatly D
′((xα(n)), (yα(n))) = Γ(2
n0) = 2Λ(n0).
Then Γ is an extension funtion for i : end(Xn,Φn) → end((Xα(n), Φ˜n)) and i is
bornologous. A similar argument works for the multi-map i−1. 
Proposition 4.5. Consider two ultrametri spaes U1, U2 and (Xn,Φn), (Yn,Ψn)
their assoiated D+hains. Then, there is a bornologous multi-map Φ: U1 ⇒ U2
if and only if there is a morphism of D+hains (fn, σ) : (Xn,Φn)→ (Yn,Ψn).
Proof. If there is a bornologousmulti-map Φ : U1 ⇒ U2, onsider the map γ̺Φ : N→
N from (2). Making σ = γ̺Φ , Φ anonially indues the maps fn : Xn → Yσ(n) and
the diagram ommutes.
The morphism (fn, α) indues a multi-map Φ: end(Xn,Φn) ⇒ end(Yn,Ψn)
where Φ((xn)) is the set of sequenes (yn) ∈ end(Yn,Ψn) suh that yσ(n) = fn(xn).
It is immediate to hek that this multi-map is bornologous, and from Lemma 4.4
together with Proposition 4.2, it follows that there is a bornologous multi-map
Φ : U1 ⇒ U2. 
Lemma 4.6. If Φ: X ⇒ Y is an asymorphism then there are inreasing maps
α(Φ), β(Φ−1) : Z+ → Z+ suh that γ̺Φ(α(i)) ≤ β(i), γ̺Φ−1 (β(i)) ≤ α(i + 1) for
every i ∈ Z+.
Proof. First, let α(1) = 1 and β(1) = γΦ(1).
If we have dened α(i − 1), β(i − 1) for any i > 1 then, it sues make α(i) =
max{α(i− 1) + 1, γΦ−1(β(i − 1))} and β(i) = max{β(i − 1) + 1, γΦ(α(i))}. 
Proposition 4.7. If (Xn,Φn), (Yn,Ψn) are two D+hains, then (Xn,Φn) ∼z−z
(Yn,Ψn) if and only if end(T, v) and end(T
′, w) are asymorphi.
Proof. If there is a ommon zig-zag hain, the existene of an asymorphism follows
immediately from Lemma 4.4.
Now, suppose that there is an asymorphism Φ: end(Xn,Φn)⇒ end(Yn,Ψn). By
Lemma 4.6, if Φ is an asymorphism then there are inreasing maps α(Φ), β(Φ−1) : N→
N suh that γ̺Φ(α(i)) ≤ β(i), γ̺Φ−1 (β(i)) ≤ αi+1 for every i ∈ N.
Therefore, Φ and Φ−1 anonially indue (as we saw in 3.8) unique surjetive
maps V2i−1 : Xα(i) → Yβ(i) and V2i : Yβ(i) → Xα(i+1). The ball assoiated to the
vertex Vk+1 ◦ Vk(x) will ontain, by onstrution, the ball assoiated to the vertex
x, and Vk+1 ◦ Vk oinides with the map indued by the inlusion. Therefore,
making Z2i−1 = Xα(i) and Z2i = Yβ(i), (Zn,Vn) is a ommon zig-zag D+hain of
(Xn,Φn), (Yn,Ψn). 
From this, and Proposition 4.2, it follows:
Theorem 4.8. Two ultrametri spaes are oarse equivalent if and only if there is
a ommon zig-zag hain between their assoiated D+hains. 
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Let (Xn,Φn), (Yn,Ψn) be two D+hains and (Zn,Vn) a ommon zig-zag D+
hain with inreasing maps α, β : N→ N suh that Z2n−1 = Xα(n) and Z2n = Yβ(n).
Let us dene
fZ : end(Xα(n), Φ˜n)→ end(Yβ(n), Ψ˜n)
suh that for any end point (xα(n)) ∈ end(Xα(n), Φ˜n), fZ((xα(n))) = (V2n−1(xα(n))) ∈
end(Yβ(n), Ψ˜n).
Proposition 3.10 is not true in the ase of D+hains, sine the indued map
between the end spaes is not neessarily injetive. There would be a bi-Lipshitz
equivalene restrited to large sale. Moreover,
Proposition 4.9. Given two D+hains (Xn,Φn), (Yn,Ψn), then end(Xn,Φn) and
end(Yn,Ψn) are asymorphi if and only if there are inreasing sequenes α, β : N→
N and a map F : end(Xα(n), Φ˜n) → end(Yβ(n), Ψ˜n) suh that for any pair of end
points (xα(n)), (yα(n)) ∈ end(Xα(n), Φ˜n),
DT (β)(f((xα(n))), f((yα(n)))) ≤ DT (α)((xα(n)), (yα(n)))
and if DT (α)((xα(n)), (yα(n))) > 2, then
DT (α)((xα(n)), (yα(n))) ≤ 2 ·DT (β)(f((xα(n))), f((yα(n)))).
Proof. If there is suh a map F , then end(Xα(n), Φ˜n), end(Yβ(n), Ψ˜n) are, in parti-
ular, asymorphi and so they are end(Xn,Φn) and end(Yn,Ψn) by Lemma 4.4.
If end(Xn,Φn) and end(Yn,Ψn) are asymorphi then, by Proposition 4.7, there
is a ommon zig-zag D+hain given by sequenes α, β. It is immediate to hek
that the map fZ : end(Xα(n), Φ˜n)→ end(Yβ(n), Ψ˜n) holds the onditions above. 
5. Uniform homeomorphisms
In this setion we treat the ategory C3. The idea is to onsider only the left side
of the Dhain but to avoid using as index set the negative integers we hange the
orientation of the hain and therefore the onstrution of γ. Also, we have to be
areful with the fat that the expansion funtion is dened on some interval [0, S].
Let N≥n0 := {n ∈ N | n ≥ n0}.
Given a uniformly ontinuous map Φ and its expansion funtion ̺Φ : [0, S] →
[0, 12 ] let n0 ∈ N suh that 2
−n0 ≤ S < 2−n0+1 if S < 12 or n0 = 1 otherwise, and
let us dene γ̺Φ : N≥n0 → N as follows,
(3) γ̺Φ(n) := [−log2(̺Φ(2
−n))].
Hene, for all points x, x′ ∈ X , if dX(x, x
′) ≤ 2−n then dY (Φ(x),Φ(x
′)) ≤
2−γ̺Φ(n) and γ̺Φ is non-dereasing, limn→∞ γ̺Φ(n) =∞ sine Φ is uniformly on-
tinuous.
Given an ultrametri spae U there is a D−hain assoiated to it. For eah
n ∈ N let Xn be the partition of U in balls of radius 2
−n
. Let Φn : Xn+1 → Xn the
map anonially indued by the inlusion for any n ∈ N. (Xn,Φn) will be alled
the D−hain assoiated to U . Conversely, given a D−hain we an obtain an
ultrametri spae as follows.
The end spae is then:
end(Xn,Φn) := {(xn)n∈N | xn ∈ Xn and Φ(xn+1) = xn},
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and let the metri be
D((xn), (yn)) =
{
2−n0 if there is n0 = max{n : xn = yn},
1 if xn 6= yn ∀n.
Clearly, D is an ultrametri.
Proposition 5.1. If (U, d) is a omplete ultrametri spae and (Xn,Φn) is the D−
hain assoiated to U , then (U, d) and end(Xn,Φn) are uniformly homeomorphi.
Proof. First, note that if (U, d) is omplete there is a bijetion i : U → end(Xn,Φn).
Notie that, by the properties of the ultrametri, d(x, y) ≤ 2−n if and only
if the points are in the same ball in the partition Xn. Hene, if d(x, y) ≤ 2
−n
,
d(x, y) ≤ D(i(x), i(y)) ≤ 2d(x, y) and i is a uniform homeomorphism. 
In the ase of uniform maps, we need to onsider in the desription of the mor-
phisms of D− hains the radius suh that the image of the ball will have diameter
bounded by 1/2 (i.e. the interval [0, S] on whih the expansion funtion is dened):
Denition 5.2. A morphism of D−-hains (fn, σ, n0) : (Xn,Φn) → (Yn,Ψn) on-
sists of a natural number n0, a non-dereasing funtion σ : N≥n0 → N suh that
limn→∞ σ(n) = ∞, and maps fn : Xn → Yσ(n) ∀n ≥ n0 suh that the following
diagram ommutes:
←− Xn
fn
zzuu
uu
uu
uu
u
←− Xn+1
fn+1
wwppp
pp
pp
pp
pp
←− Xn+2
fn+2
xxrr
rr
rr
rr
rr
Yσ(n) ←− · · · ←− Yσ(n+1) ←− · · · ←− Yσ(n+2) ←−
Lemma 5.3. If (Xn,Φn) is a D−hain, α : N → N is an inreasing map and
(Xα(n), Φ˜n) is the α-subhain, then end(Xn,Φn) is uniformly homeomorphi to
end(Xα(n), Φ˜n).
Proof. Consider the anonial map i : end(Xn,Φn)→ end(Xα(n), Φ˜n).
Let us dene the funtion Λ: N → N suh that Λ(n) = max{k : α(k) ≤ n}.
Sine α is inreasing, it follows that Λ is non-dereasing and limn→∞ Λ(n) = ∞.
Now, onsider the funtion Γ: [0,∞) → [0,∞) suh that Γ(S) = 12 and for any
x ∈ [S · 2−n, S · 2−n+1), Γ(x) = 2−Λ(n). Clearly Γ is non-dereasing, limx→0 Γ(x) =
0. For any two end points (xn), (yn) ∈ end(Xn,Φn) with D((xn), (yn)) = 2
−n0
the distane between their orrespondent subsequenes i(xn) = (xα(n)), i(yn) =
(yα(n)) is exatly D
′((xα(n)), (yα(n))) = Γ(2
−n0) = 2−Λ(n0). Then Γ is an extension
funtion for i : end(Xn,Φn)→ end((Xα(n), Φ˜n)) and i is a uniform homeomorphism.
A similar argument works for i−1. 
Proposition 5.4. Consider two omplete ultrametri spaes U1, U2 and let (Xn,Φn),
(Yn,Ψn) be their assoiated D−hains. Then, there is a uniformly ontinuous map
Φ: U1 → U2 if and only if there is a morphism of D−hains (fn, α, n0) : (Xn,Φn)→
(Yn,Ψn).
Proof. If there is a uniformly ontinuous map Φ : U1 → U2, onsider the map
γ̺Φ : N→ N from (3). Making σ = γ̺Φ , Φ anonially indues the maps fn : Xn →
Yσ(n) ∀n ≥ n0 and the diagram ommutes.
The morphism (fn, α, n0) indues a map F : end(Xn,Φn)→ end(Yn,Ψn) where
F ((xn)) is the unique sequene (yn) ∈ end(Yn,Ψn) suh that yσ(n) = fn(xn) ∀n ≥
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n0. It is immediate to hek that this map is uniformly ontinuous, and from Lemma
5.3 together with Proposition 5.1, it follows that there is a uniformly ontinuous
map Φ : U1 → U2. 
Lemma 5.5. If Φ: X → Y is a uniform homeomorphism then there are inreasing
maps α(Φ), β(Φ−1) : N→ N suh that γ̺Φ−1 (β(i)) ≤ α(i), γ̺Φ(α(i + 1)) ≤ β(i) for
every i ∈ N.
Proof. First, let α(1) = 1.
Sine limn→∞γΦ−1(n) =∞ for any α(i) there exist some nα(i) > 0 suh that for
any n ≥ nα(i+1), γΦ−1(n) ≥ α(i).
Let β(1) = nα(1).
Sine limn→∞γΦ(n) = ∞ for any β(i) there exist some nβ(i) suh that for any
n ≥ nβ(i), γΦ(n) ≥ β(i).
If we have dened α(i− 1), β(i− 1), then, it sues make α(i) = max{α(i− 1)+
1, nβ(i−1)} and β(i) = max{β(i− 1) + 1, nα(i)}. 
Proposition 5.6. If (Xn,Φn), (Yn,Ψn) are two D−hains, then (Xn,Φn) ∼z−z
(Yn,Ψn) if and only if end(T, v), end(T
′, w) are uniform homeomorphi.
Proof. If there is a ommon zig-zag D−hain, the existene of an asymorphism
follows immediately from Lemma 5.3.
Now, suppose there is a uniform homeomorphismΦ: end(Xn,Φn)→ end(Yn,Ψn).
Then, by Lemma 5.5, there are inreasing maps α(Φ), β(Φ−1) : N → N suh that
γ̺Φ−1 (β(i)) ≤ α(i), γ̺Φ(α(i + 1)) ≤ β(i) for every i ∈ N.
Therefore, Φ and Φ−1 indue respetively unique surjetive maps V2i−1 : Yβ(i) →
Xα(i) and V2i : Xα(i+1) → Yβ(i). Vk+1 ◦ Vk oinides with the map indued by the
inlusion, and hene, making Z2i−1 = Xα(i) and Z2i = Yβ(i), (Zn,Vn) is a ommon
zig-zag D−hain of (Xn,Φn), (Yn,Ψn). 
From this, and Proposition 5.1, it follows:
Theorem 5.7. Two omplete ultrametri spaes U1, U2 are uniformly homeomor-
phi if and only if there is a ommon zig-zag D−hain between their assoiated
D−hains. 
Denition 5.8. A funtion between metri spaes f : X → Y is small sale bi-
Lipshitz if there is a onstant K > 0 and a real number ǫ > 0 suh that for any pair
of points x, x′ ∈ X with d(x, x′) < ǫ, 1
K
·dX(x, x
′) ≤ dy(f(x), f(x
′)) ≤ K ·dX(x, x
′).
In there is suh a map, we say that X,Y are small sale bi-Lipshitz equivalent.
Let (Xn,Φn), (Yn,Ψn) be two D−hains and (Zn,Vn) a ommon zig-zag D−
hain with inreasing maps α, β : N→ N suh that Z2n−1 = Xα(n) and Z2n = Yβ(n).
Let us dene
fZ : end(Xα(n), Φ˜n)→ end(Yβ(n), Ψ˜n)
suh that for any end point (xα(n)) ∈ end(Xα(n), Φ˜n), fZ((xα(n))) is the unique end
point (yβ(n)) ∈ end(Yn,Ψn) suh that V2n−2(xα(n)) = yβ(k−1) ∀n ≥ 2.
Proposition 5.9. Given two D−hains (Xn,Φn), (Yn,Ψn), then end(Xn,Φn) and
end(Yn,Ψn) are uniformly homeomorphi if and only if there are inreasing se-
quenes α, β : N → N suh that end(Xα(n), Φ˜n) and end(Yβ(n), Ψ˜n) are small sale
bi-Lipshitz equivalent.
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Proof. If end(Xα(n), Φ˜n) and end(Yβ(n), Ψ˜n) are small sale bi-Lipshitz equivalent,
then they are, in partiular uniformly homeomorphi and so they are end(Xn,Φn)
and end(Yn,Ψn) by Lemma 5.3.
If end(Xα(n), Φ˜n) and end(Yβ(n), Ψ˜n) are uniformly homeomorphi then, by
Proposition 5.6, there is a ommon zig-zag D−hain given by sequenes α, β.
Then, the map fZ : end(Xα(n), Φ˜n)→ end(Yβ(n), Ψ˜n) desribed above, for any pair
of end points (xα(n)), (x
′
α(n)) ∈ end(Xα(n), Φ˜n) with DT (α)((xα(n)), (x
′
α(n))) ≤
1
4 ,
holds that
DT (α)((xα(n)), (x
′
α(n))) ≤ DT (β)(fZ((xα(n))), fZ((x
′
α(n)))) ≤ 2·DT (α)((xα(n)), (x
′
α(n)))
and it is small sale bi-Lipshitz. 
Corollary 5.10. Two ultrametri spaes U1, U2 are uniformly homemorphi if and
only if there are inreasing sequenes α, β : N → N suh that end(Xα(n), Φ˜n) and
end(Yβ(n), Ψ˜n) are small sale bi-Lipshitz equivalent. 
Let (U, d) be an ultrametri spae and (ni), i > 0 an inreasing sequene of
numbers. Let us dene f(ni) : [0,∞) → N a non-dereasing funtion suh that for
any t ≥ 2−n1 , f(t) = 2−1 and for any t ∈ (2−ni+1 , 2−ni ] f(t) = 2−i for every i > 1.
Let us denote simply by (U, d(ni)) the ultrametri spae (U, df(ni)) whih depends
only on the original ultrametri and the sequene (ni).
Corollary 5.11. Two ultrametri spaes (U1, d1), (U2, d2) are uniformly homeo-
morphi if and only if there are inreasing sequenes of numbers (ni), (mi) suh
that (U1, d1(ni)) and (U2, d2(mi) are small sale bi-Lipshitz equivalent. 
6. Towers and admissible morphisms
In [1℄, Taras Banakh and Ihor Zarihnyy give a lassiation of ultrametri spaes
up to oarse geometry. They prove their results by indution on partially ordered
sets alled towers. The following denitions are stated as they appear in their
paper.
A partially ordered set T is a tree if T has the smallest element and for every
point x ∈ T the lower one ↓ x is well-ordered. By the lower one (resp. upper one)
of a point x of a partially ordered set T we understand the set ↓ x = {y ∈ T : y ≤ x}
(resp. ↑ x = {y ∈ T : y ≥ x}). A subset A will be alled a lower (resp. upper) set if
↓ a ⊂ A (resp. ↑ a ⊂ A) for every a ∈ A. A partially ordered set T is well-founded
if eah subset A ⊂ T has a minimal element a ∈ A. The minimality of a means
that eah point a′ ∈ A with a′ ≤ a is equal to a. By min T we shall denote the set
of all minimal elements of T .
Denition 6.1. A partially ordered set T is alled a tower if
(1) T is well-founded;
(2) any two elements x, y ∈ T have the smallest upper bound sup{x, y} in T ;
(3) for any x ∈ T the upper one ↑ x is linearly ordered;
(4) for any point a ∈ T there is a nite number n = levT (a) suh that for
every minimal element x ∈↓ a of T the order interval [x, a] =↑ x∩ ↓ a has
ardinality |[x, a]| = n.
The funtion levT : T → N, levT : a 7→ levT (a), from the last item is alled the
level funtion.
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The level funtion levT : T → N divides T into the levels Li = lev
−1
T (i), i ∈ N.
The level L1 = minT is alled the base of T and denoted by [T ].
Eah tower arries a anoni path metri dT dened by the formula
dT (x, y) = 2 · levT (sup(x, y))− (levT (x) + levT (y)) for x, y ∈ T.
The path metri restrited to the base [T ] of T is an ultrametri.
Given a tower T with levels Li, we an dene a D+hain (Li,Φi) with Φ: Li →
Li+1 suh that Φ(xi) = xi+1 for any xi ≤ xi+1.
Proposition 6.2. For any tower T with levels Li, end(Li,Φi) is oarse equivalent
to [T ].
Proof. This is readily seen sine D(x, y) = 2n if and only if dT (x, y) = 2n. 
For every point x ∈ T of a tower T , the set Li∩ ↓ x with i = levT (x) − 1 is
denoted pred(x) and it is alled the set of parents of x.
Denition 6.3. Let T1, T2 be two towers. A map φ : A → T2 dened on a lower
subset A =↓ A of T1 is alled an admissible morphism if
(1) lev(φ(a)) = lev(a) for all a ∈ A;
(2) a ≤ a′ in A implies φ(a) ≤ φ(a′);
(3) φ(a) = φ(a′) for a, a′ ∈ A implies that a, a′ ∈ pred(v) for some v ∈ T1;
(4) φ(A) is a lower subset of T2;
(5) |φ(maxA)| ≤ 1, where maxA stands for the (possibly empty) set of maxi-
mal elements of the domain A.
As we mentioned in the introdution, see 1.14, Lemma 2 in [1℄ states that the re-
strition to the base of an admissible morphism between towers is an asymorphism.
Using D+hains we proof that this is in fat an if and only if ondition.
Consider two towers T, T ′ and their orrespondingD+hains (Xn,Φn), (Yn,Ψn).
Let (Zn,Vn) be a ommon zig-zag D+hain for (Xn,Φn), (Yn,Ψn) with inreasing
maps α, β : N→ N suh that Z2n−1 = Xα(n) and Z2n = Xβ(n). (Xα(n), Φ˜n), (Yβ(n), Ψ˜n)
dene subhains. Let T (α), T ′(β) be the orresponding subtowers of T, T ′ dened
respetively by levels α(n) and β(n), n ∈ N and let T (α(n)) denote lev−1
T (α)(n) (its
nth level).
Let fZ : T (α)→ T
′(β) be suh that for every n, fZ |T (α(n)) = V2n−1 : T (α(n))→
T ′(β(n)).
It is immediate to hek the following:
Proposition 6.4. Given a ommon zig-zag D+hain (Zn, rn) for two towers T, T
′
,
fZ is an admissible map. 
From Proposition 6.4 together with 4.7 and 6.2, and Proposition 1.14 we onlude
that
Corollary 6.5. Given two towers T1, T2, [T1] and [T2] are asymorphi if and only
if there is an admissible map f : T (α)→ T ′(β) for some pair of sequenes α, β. 
What follows is a version of 4.9 for the metri given here to the base.
Proposition 6.6. Given two towers T1, T2, [T1] and [T2] are asymorphi if and
only if there are inreasing sequenes α, β : N → N suh that [T1(α)] and [T2(β)]
are roughly isometri.
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Proof. If [T1(α)] and [T2(β)] are roughly isometri, then they are, in partiular
asymorphi. Proposition 6.2 and Lemma 4.4 yield that [T1] and [T2] are asymorphi.
From Corollary 6.5, we obtain an admissible map f : T (α)→ T ′(β). For any pair
of points x, y ∈ [T1(α)], ondition (3) in the denition of admissible map implies
that dT (β)(f(x), f(y)) ≤ dT (α)(x, y) ≤ dT (β)(f(x), f(y)) + 2. 
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